Abstract. Let H be a Hopf algebra over a commutative ring R such that H is a finitely generated, projective module over R, let A be a right H-comodule algebra, and let B be the subalgebra of H-coinvariant elements of A. If A is a Galois extension of B and B is a local subalgebra of the center of A, then A is a cleft right H-comodule algebra or, equivalently, there is a normal basis for A over B.
Let R be a commutative ring, and let H be a Hopf algebra over R, which is a finitely generated, projective module over R. When there is no notation to indicate otherwise, the bifunctors ⊗ and Hom are applied to the category of R-modules. A right H-comodule algebra A is an algebra over R and a right H-comodule such that the comodule map α of A into A ⊗ H is a homomorphism of algebras. Use the sigma notations (h) h (1) ⊗ h (2) for the coproduct of an element h of H and (1) , S(g) ϕ (2) , h h i and the left H * -comodule structure on H is given by 
Letting I be the set of elements h of H such that S(g)h = ε, g h = ε, S(g) h,
I is the ideal of left integrals in H, and by the theory of Hopf modules, I is a direct summand of H and the H * -Hopf module H is isomorphic to H * ⊗ I. In fact the projection of H onto I is given by mapping an element h of H to (2) , h S * S * (ϕ i, (1) ) · h i and the H * -Hopf module isomorphism of H onto
I is a finitely generated, projective module over R, since I is a direct summand of H, and H is a finitely generated, projective left module over H * , since it is isomorphic to H * ⊗ I.
Now the program in [3] can be carried out and complete proofs of the following results can be found there.
Lemma 2. If A and H are free modules over R, then A and H have the same rank n and the direct sum of n copies of A is isomorphic as a left module over H
* to the direct sum of n copies of H.
Note that an H-Galois algebra is a finitely generated and projective module over R [4, Thm. 1.7]. To prove the lemma, let n be the rank of the free module A and use the left A-module isomorphism γ of A ⊗ A onto A ⊗ H, which is induced by the comodule map α of A into A ⊗ H.
Proposition 3. If R is a field, then A and H are isomorphic left modules over
The direct sum of n copies of A and the direct sum of n copies of H are finite dimensional vector spaces over a field R, and so they satisfy the ascending and descending chain conditions for left H * -submodules. Apply the Krull-Schmidt theorem to prove this proposition. Since H is a projective left H * -module, the map of H toR ⊗ A, obtained by composingω with the canonical map of H ontoR ⊗ H, can be lifted to a left H * -module homomorphism ω of H into A. Assume that J is contained in the Jacobson radical of R andω is an isomorphism. Then coker ω is a finitely generated module over R andR ⊗ coker ω = cokerω = 0. By Nakayama's Lemma, coker ω = 0. Since A is a projective module over R, the sequence of R-modules ker ω −→ H ω −→ A is split, ker ω is a finitely generated module over R, andR ⊗ ker ω = kerω = 0. Again by Nakayama's Lemma, ker ω = 0.
The fact that every H-Galois algebra over a local ring is cleft follows easily from Lemma 4 and Proposition 3. Or, one can follow the argument in [3] to prove the following theorem. The following corollary is the only claim in [3] left to be verified.
Corollary 6.
Any H-Galois algebra is a finitely generated, projective left module over H * .
